We construct a new class of asymptotically flat black hole solutions in EinsteinYang-Mills and Einstein-Yang-Mills-dilaton theory. These black hole solutions are static, and they have a regular event horizon. However, they possess only axial symmetry. Like their regular counterparts, the black hole solutions are characterized by two integers, the winding number n and the node number k of the gauge field functions.
Introduction
The "no hair" conjecture for black holes states, that black holes are completely characterized by their mass M, their charge Q and their angular momentum J. This conjecture presents a generalization of rigorous results obtained for scalar fields coupled to gravity [1] as well as for Einstein-Maxwell (EM) theory [2] . In EM theory, the unique family of stationary Kerr-Newman black holes with nontrivial values of M, Q, and J contains the stationary Kerr black holes for Q = 0, the static Reissner-Nordstrøm black holes for J = 0 and the static Schwarzschild black holes for J = Q = 0. Notably, the static black hole solutions in EM theory are spherically symmetric, and the stationary black holes are axially symmetric.
In recent years counterexamples to the "no hair" conjecture were established in various theories with non-abelian fields, including Einstein-Yang-Mills (EYM) theory, Einstein-Yang-Mills-dilaton (EYMD) theory, Einstein-Yang-Mills-Higgs (EYMH) theory, and Einstein-Skyrme (ES) theory. Apart from some perturbative solutions [3, 4] , these non-abelian black holes are all static and spherically symmetric. They are asymptotically flat and possess a regular event horizon. And in particular these black hole solutions possess non-trivial matter fields outside the event horizon.
In SU(2) EYM theory, for instance, there exists in addition to the Schwarzschild solution a whole sequence of neutral static spherically symmetric non-abelian black hole solutions, for arbitrary radius X H of the event horizon [5] . Within this sequence, the solutions are labelled by the node number k of the single gauge field function. These black hole solutions have regular counterparts, the Bartnik-McKinnon solutions [6] , obtained in the limit X H → 0. Both, black hole solutions and regular solutions are unstable [7] .
The situation is analogous in EYMD theory [8] . Here the dilaton coupling constant γ represents a parameter; for γ = 1 contact with the low energy effective action of string theory is made, whereas in the limit γ → 0 the dilaton decouples and EYM theory is obtained. In contrast, EYMH and ES theory allow for stable static spherically symmetric black hole solutions with hair.
Here we present strong (numerical) evidence, that static black hole solutions in EYM and EYMD theory need not be spherically symmetric. Indeed, the asymptotically flat black hole solutions we construct possess only axial symmetry. They are characterized by two integers, the winding number n > 1 and the node number k of the gauge field functions. Constructing their regular counterparts, we have conjectured their existence previously [9, 10] .
Static axially symmetric ansatz
We consider the SU(2) Einstein-Yang-Mills-dilaton action
with
, and e and κ are the Yang-Mills and dilaton coupling constants, respectively. The static axially symmetric ansätze for the metric and the matter fields of the black hole solutions agree with those of the corresponding regular solutions [10] . Here we parametrize the ansätze from the beginning in terms of the coordinates r and θ (instead of ρ = r sin θ, z = r cos θ [10] ). The metric then reads in isotropic coordinates
with f , m and l being only functions of r and θ. We parametrize the purely magnetic gauge field (A 0 = 0) by [11, 9, 10 ]
with the Pauli matrices τ = (τ x , τ y , τ z ) and τ n r = τ · (sin θ cos nφ, sin θ sin nφ, cos θ), τ n θ = τ · (cos θ cos nφ, cos θ sin nφ, − sin θ), τ n φ = τ · (− sin nφ, cos nφ, 0). We refer to n as the winding number of the solutions. Again, the four gauge field functions H i [12] and the dilaton function Φ depend only on r and θ. For n = 1 the spherically symmetric ansatz of ref. [8] is recovered with
Denoting the stress-energy tensor of the matter fields by T ν µ , with this ansatz the
where the gauge field terms in the first, second and third line derive from F rθ , F rφ and F θφ , respectively. The system possesses a residual abelian gauge invariance [13, 14, 9, 10] . With respect to the transformation U = e iΓ(r,θ)τ n φ (6) the functions H 1 and H 2 transform inhomogeneously like a 2-dimensional gauge field (
, whereas (H 3 + ctgθ, H 4 ) transforms like a scalar doublet. To fix the gauge we choose the same gauge condition as previously [13, 14, 9, 10] 
With the ansatz (3)- (4) and the gauge condition (7) we then obtain the set of EYMD field equations [15] .
Horizon and boundary conditions
We are now looking for static axially symmetric solutions of the field equations, which are asymptotically flat, have a finite mass, and possess a regular event horizon. The presence of the regular event horizon is the essential new feature of the static axially symmetric black hole solutions with respect to the corresponding regular solutions [10] .
The event horizon of the static black hole solutions is characterized by g tt = −f = 0. (In isotropic coordinates g rr is finite at the horizon.) We now impose that the horizon of the black hole solutions resides at a surface of constant r, r = r H [16, 17] . Requiring the horizon to be regular, we obtain the following set of boundary conditions for the functions at the horizon (r = r H )
Here the gauge field conditions in the first and second line imply F rθ = 0 and F rφ = 0, respectively. Thus the equations of motion yield only three boundary conditions for the four gauge field functions H i ; one gauge field boundary condition is left indeterminate. However, for the black hole solutions precisely one free boundary condition at the horizon is necessary to completely fix the gauge. The reason is, that in contrast to the case of the regular solutions [10] , the gauge condition (7) still allows for non-trivial gauge transformations for the black hole solutions, which satisfy r 2 ∂ 2 r Γ + r∂ r Γ + ∂ 2 θ Γ = 0. We have implemented various choices of gauge (e.g. ∂ r H 1 = 0), obtaining the same results for the gauge invariant quantities.
The boundary conditions at infinity and along the ρ-and z-axis are the same as for the regular solutions [10] (when expressed in terms of the functions F i [12] ). In terms of the functions H i , the boundary condition at infinity (r = ∞) are
For the gauge field functions they imply, that the solutions are magnetically neutral.
(Any finite value of the dilaton field can always be transformed to zero via Φ → Φ − Φ(∞), r → re −κΦ(∞) .) Along the ρ-and z-axis H 1 = H 3 = 0. The derivatives of all other functions with respect to θ vanish on these axes.
Mass and temperature
Let us change to dimensionless quantities now; the dimensionless coordinate x = (e/ √ 4πG)r, the dimensionless dilaton function ϕ = √ 4πGΦ and the dimensionless dilaton coupling constant γ = κ/ √ 4πG (γ = 1 corresponds to string theory). The mass M of the black hole solutions can be obtained directly from the total energy-momentum "tensor" τ µν of matter and gravitation, M = τ 00 d 3 r [18] . The dimensionless mass µ = (e/ √ 4πG)GM is then determined by the derivative of the metric function f at infinity,
as for the regular solutions [10] . Similarly, the derivative of the dilaton function at infinity determines the dilaton charge D = x 2 ∂ x ϕ| ∞ . In order to define a temperature T = κ sg /(2π), the surface gravity κ sg [3] ,
must be constant at the horizon of the black hole solutions. Let us therefore consider the metric functions at the horizon. Expanding the equations in the vicinity of the horizon in powers of x − x H , we observe, that the metric functions are quadratic in
and likewise for l(x, θ). (Axial symmetry requires m(x, θ = 0) = l(x, θ = 0).) Consequently, we obtain the temperature
which indeed is constant [15] .
Numerical results
Subject to the above boundary conditions, we solve the equations for the black hole solutions numerically. We map spatial infinity to the finite valuex = 1 and employ the radial coordinatex = 1 − (x H /x). The equations are then discretized on a nonequidistant grid inx and θ. Typical grids used have sizes 150 × 30, and cover the integration region 0 ≤x ≤ 1, 0 ≤ θ ≤ π/2. We employ the same numerical algorithm [19] as for the regular solutions [10, 15] . The numerical error for the functions is estimated to be on the order of 10 −3 . In Table 1 we show the dimensionless mass, temperature and dilaton charge of the axially symmetric black hole solutions of EYM theory (γ = 0) and EYMD theory (for γ = 1) with winding numbers n ≤ 3, node numbers k ≤ 3 and x H = 1.
For all solutions the energy density ǫ (5) of the matter fields is angle-dependent at the horizon. Considering small values of x H the energy density of the black hole solutions tends toward the energy density of the corresponding regular solutions. However, the limit x H → 0 of the energy density is not smooth, because the angular dependence at the horizon remains. (The limit is neither smooth for the spherical solutions with n = 1.) The reason is, that the magnetic field of the black hole solutions is purely radial at the horizon, B = B r e r (B r = F θφ ), because the boundary conditions (8) require B θ = −F rφ = 0 = B φ = F rθ . In contrast, for the regular solutions the magnetic field also has non-vanishing B θ at the origin, and the contributions from both B r and B θ precisely add to an angle-independent density at the origin.
In Fig. 1 we show the energy density of the black hole solutions with n = 2, k = 1, γ = 0 and x H = 0.02, 0.1, 0.5 and 1 for several angles. The figure thus illustrates how, with decreasing horizon, the energy density tends towards the energy density of the corresponding regular solution, which is also shown. For small values of x H , the energy density of the black hole solutions has a strong peak on the ρ-axis (away from the horizon), just like the energy density of the corresponding regular solutions. As the value of x H increases the energy density changes its shape. For larger values of x H the maximum occurs on the z-axis at the horizon. With increasing x H the energy density of the matter fields becomes less important. Therefore the metric functions become more spherical. This is demonstrated in Figs. 2 and 3 for the metric functions f and m, respectively, for the same parameters. (l looks similar to m.) For fixed n and x H and increasing k, the angular dependence of the solutions decreases, whereas for fixed k and x H and increasing n, the angular dependence of the solutions increases.
The situation is analogous for finite dilaton coupling constant γ. In particular, the angle-dependence of the dilaton function also decreases with increasing x H for fixed n and k. For small values of x H the dilaton function ϕ of the black hole solutions looks similar to the dilaton function of the corresponding regular solutions [10] . However, it has a small angle-dependence at the horizon.
For fixed n and γ and increasing k, the regular static axially symmetric solutions form sequences, which tend to "extremal" EMD solutions [20] with n units of magnetic charge and the same value of γ [10] . Here we observe a similar convergence for the black hole solutions for fixed n, γ and x H and increasing k [21, 15] . For finite values of γ, the sequences of static axially symmetric black hole solutions converge to EMD black hole solutions with n units of magnetic charge, the same value of γ and the same x H . For γ = 0 the limiting solutions are the corresponding Reissner-Nordstrøm solutions. This convergence is demonstrated in Fig. 4 for the dilaton function ϕ for n = 3, γ = 1 and x H = 1 as well as in Table 1 for the mass, dilaton charge and temperature. More details of the solutions will be given elsewhere [15] .
Discussion
The black hole solutions constructed here for EYM and EYMD theory are of a novel type. They are asymptotically flat, static and possess a regular event horizon [22] . However, they are only axially symmetric with angle-dependent fields on the horizon. Whereas the energy density of the regular solutions has a torus-like shape, due to a strong peak on the ρ-axis away from the origin [10] , the energy density of the black hole solutions has a similar shape only for small values of x H . For larger values of x H the shape of the energy density changes, and a strong peak develops on the z-axis at the horizon. The shape of the energy density becomes ellipsoidal and the angle-dependence diminishes.
There is all reason to believe, that these static axially symmetric EYMD and EYM black hole solutions are unstable. But we expect analogous solutions in EYMH theory [3] and ES theory, corresponding to black holes inside axially symmetric multimonopoles and multiskyrmions, respectively, and for n = 2 these axially symmetric solutions should be stable [3, 23] . In contrast, the stable black hole solutions with higher magnetic charges (EYMH) or higher baryon numbers (ES) should not correspond to such axially symmetric solutions with n > 2. Instead these stable solutions should have much more complex shapes, exhibiting discrete crystal-like symmetries [3, 23] . Analogous but unstable black hole solutions of this kind should also exist in EYM and EYMD theory.
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EYM(γ = 0) Table 1 The dimensionless mass µ, the temperature T and the dilaton charge D, of the black hole solutions of EYM and EYMD theory for γ = 0 and γ = 1, respectively, with horizon at x H = 1, with winding numbers n = 2 and 3 and up to 3 nodes. For each quantity the corresponding limiting values are shown in the last row (denoted by ∞). The dilaton function ϕ k (x, θ) is shown as a function of the dimensionless coordinate x for the angles θ = 0 (dash-dotted), θ = π/4 (dotted) and θ = π/2 (dashed) for the EYMD solutions with winding number n = 3, node numbers k = 1, k = 2 and k = 3, horizon radius x H = 1 and dilaton coupling constant γ = 1. Also shown is the limiting function ϕ ∞ (x) (solid).
